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Mirror Ka¨hler potential on Calabi–Yau 3-folds ∗
Dmitry V. Egorov
Abstract
The classical Ka¨hler potential is a real-valued function (KP) such
that one can determine a Ka¨hler (symplectic) structure by differenti-
ating KP. We define a mirror Ka¨hler potential on Calabi–Yau 3-folds,
a real-valued function (MKP) such that one can determine a complex
structure by differentiating MKP.
Keywords: special holonomy, Ka¨hler potential, Calabi–Yau mani-
fold
1 Introduction
The Ka¨hler potential is a real-valued function ϕ such that ddcϕ is the Ka¨hler
(symplectic) form. We propose a mirror construction in complex dimension
3, namely define a real-valued function ϕ such that ϕ acted by the certain
symplectic differential operator is a 3-form that entirely determines a complex
structure. The 3-forms that determine a complex structure are described by
Hitchin in [1, 2].
In [3] we propose a new equation analogous to the complex Monge–
Ampe`re equation studied by Calabi and Yau [4, 5]. New equation describes
deformation of the complex structure, whereas the classical case describes
deformation of the Ka¨hler or symplectic one. It turns out that the mirror
Ka¨hler potential is a solution of the new equation.
In paper [6] the generalized Monge–Ampe`re equation and the Ka¨hler po-
tential are defined. However, for the case of the Ka¨hler geometry they reduce
to the usual Monge–Ampe`re equation and Ka¨hler potential respectively.
∗This work was supported in part by the Council of the Russian Federation President
Grants (projects NSh-7256.2010.1 and MK-842.2011.1).
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2 Background
First, note that hereafter we use smooth objects only: functions, manifolds
etc.
2.1 The Ka¨hler potential
Let us briefly recall the definition of the Ka¨hler potential and the ddc-lemma.
Let M be a Ka¨hler manifold. The following statement called ddc-lemma
holds on M
ker d ∩ im dc = im d ∩ ker dc = im ddc.
The ddc-lemma implies existence of the Ka¨hler potential, a real-valued func-
tion ϕ such that ddc = ω, where ω is a Ka¨hler structure. If manifold is
compact, then the Ka¨hler form can not be exact and potential can not be a
globally defined function. However, it can be still defined locally.
2.2 Symplectic Hodge theory
In this subsection we define a symplectic differential operator analogous to
dc. Let (M,ω) be a symplectic manifold of real dimension 2n. By ∗s de-
note a symplectic Hodge star. The action of ∗s on the k-forms is uniquely
determined by the following formula:
α ∧ ∗sβ = (ω−1)k(α, β)ω
n
n!
.
By definition, put
ds = (−1)k+1 ∗s d ∗s . (1)
Note that ds decreases degree of the form by one and dds = −dsd. The
following statement called dds-lemma holds on Ka¨hler manifolds.
ker d ∩ im ds = im d ∩ ker ds = im dds.
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Let us note that the notation of ds operator is proposed in this paper. In
literature it has various notations: δ, dΛ, dJ etc. We use current notation
due to its symmetry with the notation of the dc operator.
For further information on the symplectic Hodge theory see for example
[7] and references therein.
2.3 Stable forms
In this subsection we recall the definition of a stable forms by Hitchin [1, 2].
Let V be a real m-space. A real form ρ ∈ ΛpV ∗ is called stable iff the orbit of
ρ under the natural action of GL(V ) is open. This definition can be ported
in the clear way to the case of forms on manifolds.
If p = 2 and m = 2n, then stability is equivalent to the non-degeneracy
condition of symplectic form. If p = 3 and m = 6, then any stable form is a
real or imaginary part of some holomorphic volume form.
Here we list some properties of stable 3-forms.
• Stability can be established by some algebraic criterion on 3-form.
• Any stable real 3-form completely determines some almost complex
structure on V .
• For any stable form ρ there exists a dual stable forms ρˆ such that ρ+ iρˆ
is a SL(3,C)-invariant form. If ρ + iρˆ is closed, then almost complex
structure determined by ρ is integrable and ρ + iρˆ is a holomorphic
volume form with respect to the complex structure determined by ρ.
• For any stable form ρ there exists a frame {ei} of V ∗ such that
ρ = e135 − e245 − e146 − e236, ρˆ = e235 + e145 + e136 − e246, (2)
where eijk = ei ∧ ej ∧ ek.
3 The mirror Ka¨hler potential
3.1 Definition
LetM be a compact Calabi–Yau 3-fold with Ka¨hler form ω and holomorphic
volume form Ω = ρ +
√−1σ. By Darboux’ theorem, for any point p ∈ M
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there exists a local co-ordinate chart {xi} in the neighborhood of p such that
locally
ω = dx12 + dx34 + dx56, (3)
where dxij = dxi ∧ dxj . Put
ρ0 = dx
135− dx245− dx146− dx236, σ0 = dx235+ dx145+ dx136− dx246, (4)
or
Ω0 = ρ0+
√−1σ0 = (dx1+
√−1dx2)∧(dx3+√−1dx4)∧(dx5+√−1dx6). (5)
Definition 1. We say that a locally defined real-valued function ϕ is a local
mirror Ka¨hler potential iff
ρ = ddsϕσ0, σ = −ddsϕρ0
or
Ω = −√−1ddsϕ Ω0,
where Ω0 = ρ0 +
√−1σ0.
Since stable forms completely determine complex structure, one can see
that the mirror Ka¨hler potential determines complex structure whenever the
symplectic one is given.
As in the classical case one can not define the Ka¨hler potential globally
unless the holomorphic volume form is exact. Nevertheless, we give the
following defintion.
Definition 2. We say that a global function on M is a global mirror Ka¨hler
potential iff for Ω′ ∼ Ω
Ω′ = Ω−√−1ddsϕ Ω.
Example. Suppose C3 with a flat Hermitian metric
∑
dzi⊗dz¯i; the Ka¨hler
form ω = (
√−1/2)∑ dzi∧dz¯i and holomorphic volume form Ω = dz1∧dz2∧
dz3. Then the following identities hold:
ω = ddcϕ, Ω = −(√−1/3)ddsϕ Ω,
where ϕ =
∑ |zi|2.
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3.2 Does the mirror Ka¨hler potential exist?
The question about existence of the local or global mirror Ka¨hler potential
is open. The possible line of attack could be using the classical continuity
method. Consider for example R6 with the standard Euclidean symplectic
structure ω0 and compatible complex structure given by Ω = ρ+
√−1σ. We
have seen in the example above that there exists a mirror Ka¨hler potential
whenever there is a flat metric, i.e., ρ = ρ0; σ = σ0.
Now consider a parametrized system of equations:
ddsϕtρ0 = −(1 − t)σ0 − tσ; ddsϕtσ0 = (1− t)ρ0 + tρ; t ∈ [0, 1]. (6)
Since the set of almost complex structures compatible with the given sym-
plectic form is convex, RHS describes the continuous family of stable 3-forms.
Then we can use the continuity method. Let T be a subset of [0, 1] such
that t ∈ T , whenever parametrized equation has solution for that t. Since
0 ∈ T , it is not empty. Now one has to establish some estimates on the
equation (6) and prove that T is open and closed in [0, 1].
We conjecture that (at least) for compact Calabi–Yau 3-folds there exist
local and global mirror Ka¨hler potentials.
Conjecture 1. Let M be a compact Calabi–Yau 3-fold with Ka¨hler form ω
and holomorphic volume form Ω = ρ +
√−1σ. Then for any point p ∈ M
there locally exists a co-ordinate chart {xi} such that ω takes form (3) and
a real-valued function ϕ such that
Ω = −√−1ddsϕ Ω0,
where Ω0 is defined by the formula (5) with respect to the local chart.
Conjecture 2. Let M be a compact Calabi–Yau 3-fold with Ka¨hler form ω
and holomorphic volume form Ω = ρ+
√−1σ. Then for Ω′ ∼ Ω there exists
a global real-valued function ϕ such that
Ω′ = Ω−√−1ddsϕ Ω.
3.3 Functional class
Let us recall the definition of the plurisubharmonic functions. Assume C3
with a symplectic form ω. Let C(ω) be a convex conical set of alternating
2-vectors such that for any ξ ∈ C(ω)
ω(ξ) > 0.
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Recall that a real-valued (smooth) function ϕ is called plurisubharmonic iff
for any ξ ∈ C(ω)
(ddcϕ)(ξ) ≥ 0.
Function ϕ is called pluriharmonic iff ϕ and −ϕ are plurisubharmonic func-
tions.
Now let us state analogous definition concerning special Lagrangian sub-
manifolds. Let ρ+
√−1σ be a holomorphic volume form on C3; then define
sets of 3-vectors C(ρ) and C(σ) as above.
Definition 3. We call a stable 3-form τ positive (strictly positive) modulo
stable form ρ and denote by τ ≥ 0 (τ > 0) mod ρ iff for any ξ ∈ C(ρ)
τ(ξ) ≥ 0 (τ(ξ) > 0).
We call a stable 3-form τ negative (strictly negative) modulo stable form ρ
and denote by τ ≤ 0 (τ < 0) mod ρ iff −τ ≥ 0 (−τ > 0) mod ρ.
Definition 4. A real-valued function ϕ is called special Lagrangian plurisub-
harmonic iff for any ξ ∈ C(ρ) and η ∈ C(σ)
(ddsϕσ)(ξ) ≥ 0; (ddsϕρ)(η) ≤ 0, (7)
or equivalently
ddsϕσ ≥ 0 mod ρ; ddsϕρ ≤ 0 mod σ. (8)
Definition 5. A real-valued function ϕ is called strictly special Lagrangian
plurisubharmonic iff inequalities (7) or equivalently (8) are strict.
Remark. This definition is closely related with the one given in [8]. In fact,
these two definitions determine the same class of functions. However, they
use a differential operator dφ related with the calibration φ. The dφ is first
defined in [9] for the case of G2-manifolds.
Claim. Any special Lagrangian plurisubharmonic function is plurisubhar-
monic.
Proof. By Ho¨rmander’s definition of G-subharmonic functions, where G is a
linear group [10, Definition 5.1.1] special Lagrangian plurisubharmonic func-
tions are Sp(3,C)-subharmonic. Namely, the set S of special Lagrangian
plurisubharmonic functions satisfies the following conditions.
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• S contains every affine function;
• S is invariant under Sp(3,C);
• the weak maximum principle is valid for S;
• S is maximal with the preceding properties.
By [10, Theorem 5.1.7], the set of Sp(3,C)-subharmonic functions is a set of
plurisubharmonic functions.
Corollary. The mirror Ka¨hler potential is a plurisubharmonic function.
4 New equation
In paper [3] we propose a new equation on the 3-dimensional Calabi–Yau
metrics and prove the following solution existence theorem.
Theorem. Let (M,ω) be a compact Ka¨hler 3-manifold such that c1(M) = 0;
let Ω = ρ + iσ be a holomorphic volume form on M . Then the following
equation on the unknown real 3-forms α and β
(ρ+ ddsα) ∧ (σ + ddsβ) = eFρ ∧ σ (9)
or equivalently
(Ω + ddsψ) ∧ (Ω¯ + ddsψ¯) = eFΩ ∧ Ω¯, ψ = α +√−1β (10)
has solution provided that
1. ρ+ ddsα and σ + ddsβ are primitive stable forms;
2. σ + ddsβ is dual to ρ+ ddsα in the sense of the stable forms;
3. real function F is normalized:
∫
M
eFρ ∧ σ = ∫
M
ρ ∧ σ.
If the global mirror Ka¨hler potential ϕ exists, then equations (9) and (10)
take form
(ρ+ ddsϕσ) ∧ (σ − ddsϕρ) = eFρ ∧ σ (11)
and
(Ω−√−1ddsϕΩ) ∧ (Ω¯ +√−1ddsϕΩ¯) = eFΩ ∧ Ω¯ (12)
respectively.
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Conjecture 3. Let M be a compact Calabi–Yau 3-fold with Ka¨hler form
ω and holomorphic volume form Ω = ρ +
√−1σ. Then equation (11) or
equivalently (12) has unique solution: a real-valued function ϕ provided that
1. ρ + ddsϕσ > 0 mod ρ and σ − ddsϕρ > 0 mod σ, where positivity is
in the sense of the Definition 3;
2.
∫
M
eFωn =
∫
M
ωn;
3.
∫
M
ϕωn = 0.
Obviosly, this conjecture follows from the Conjecture 2.
Now let us write down the local form of the equation (11). First, recall
the local form of the Monge–Ampe`re equation.
Suppose U is an open set of M with co-ordinate chart {zi} such that
Ω = dz1 ∧ dz2 ∧ dz3 on U ; then the global equation (ω + ddcϕ)n = eFωn is
locally equivalent to the following equation on U
detϕij¯ = const,
where ϕij¯ = ∂
2ϕ/∂zi∂z¯j .
Now suppose U is an open set of M with co-ordinate chart {xi} such
that ω = dx12 + dx34 + dx56 on U ; then the global equation (11) is locally
equivalent to the following equation on U
(ϕ22 + ϕ33 + ϕ55)(ϕ11 + ϕ44 + ϕ66)
+ (ϕ11 + ϕ44 + ϕ55)(ϕ22 + ϕ33 + ϕ66)
+ (ϕ11 + ϕ33 + ϕ66)(ϕ22 + ϕ44 + ϕ55)
+ (ϕ22 + ϕ44 + ϕ66)(ϕ11 + ϕ33 + ϕ55)
− (ϕ12 + ϕ34 + ϕ56)2 − (−ϕ12 − ϕ34 + ϕ56)2 − (ϕ12 − ϕ34 − ϕ56)2
− (−ϕ12 + ϕ34 − ϕ56)2 − 2 [(ϕ13 − ϕ24)2 + (ϕ36 + ϕ45)2 + (ϕ15 − ϕ26)2
+ (ϕ16 + ϕ25)
2 + (ϕ35 − ϕ46)2 + (ϕ14 + ϕ23)2] = const,
(13)
where ϕij = ∂
2ϕ/∂xi∂xj .
To investigate equation (13) consider the case when the Calabi–Yau mani-
fold is fibered by flat special Lagrangian tori [11] and perform analysis similar
to [12]. Suppose manifold is semi-flat and the mirror Ka¨hler potential de-
pends on the odd co-ordinates only. Then equation (13) takes the following
form.
ϕ11ϕ33 + ϕ11ϕ55 + ϕ33ϕ55 − ϕ213 − ϕ215 − ϕ235 = const, (14)
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where ϕij = ∂
2ϕ/∂xi∂xj . Obviously, the equation (14) is the sum of three
real Monge–Ampe`re equations. It is known that for any solution of the
real Monge–Ampe`re equation one can produce a new solution by performing
the Legendre transformation. Therefore, by performing the partial Legendre
transformation on the mirror Ka¨hler potential, we obtain new solutions of
(13) just as in the classical case. Note that the partial Legendre transfoma-
tion of a plurisubharmonic function is again plurisubharmonic [13].
Conjecturally, equation (13) is also related to the some type of the Monge–
Ampe`re equations [14]. This is an open question.
5 Conclusion
In conclusion we state some open problems.
1) It is natural to consider higher dimensional cases, though the holomor-
phic volume form is not stable if n > 3. The uniqueness of the n = 3 case is
that a single real 3-form determines complex structure. In higher dimensions
one needs a pair of real n-forms to determine a complex structure.
2) What is a relation between the classical and mirror Ka¨hler potentials?
What is a relation between the complex Monge–Ampe`re equation and the
new equation?
References
[1] N.J.Hitchin, The geometry of three-forms in six dimensions, J. Differ-
ential Geometry 55 (2000), 547–576.
[2] N.J.Hitchin, Stable forms and special metrics, in ”Global Differential
Geometry: The Mathematical Legacy of Alfred Gray”, M. Ferna´ndez
and J. A. Wolf (eds.), Contemporary Mathematics 288, American Math-
ematical Society, Providence (2001).
[3] D. Egorov, New equation on the low-dimensional Calabi–Yau metrics,
Siberian Math. J. to appear. arXiv:1104.5575 (2011).
[4] E. Calabi, On Ka¨hler manifolds with vanishing canonical class, Algebraic
geometry and topology. A symposium in honor of S. Lefshetz, pp. 78–89.
Princeton University Press, Princeton, N.J., 1957
9
[5] S.-T. Yau, On the Ricci curvature of compact Ka¨hler manifold and the
complex Monge–Ampe`re equation I, Comm. on pure and appl. math. V.
31, 339–411, 1978
[6] Chris M. Hull, Ulf Lindstrom, Martin Rocek, Rikard von Unge,
Maxim Zabzine, Generalized Calabi-Yau metric and Generalized Monge-
Ampere equation, JHEP 1008:060, 2010
[7] Li-Sheng Tseng and S.-T. Yau , Cohomology and Hodge theory on sym-
plectic manifolds: I, arXiv:0909.5418.
[8] F. Reese Harvey and H. Blaine Lawson Jr., An introduction to poten-
tial theory in calibrated geometry, American Journal of Mathematics,
Volume 131, Number 4, August 2009, pp. 893-944
[9] M. Verbitsky, Manifolds with parallel differential forms and Ka¨hler iden-
tities for G2-manifolds, arXiv:math.dg/0502540 (2005).
[10] L. Ho¨rmander, Notions of convexity, Birkha¨user, 1994.
[11] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality.
Nuclear Phys. B 479(1996), no. 1–2, 243-259.
[12] N. C. Leung, Mirror symmetry without corrections. Comm. Anal. Geom.
13(2005), no. 2, 287-331.
[13] L. Ho¨rmander, On the Legendre and Laplace transformations. Ann. della
Scuola Norm. Sup. di Pisa, Classe di Scienze 4e serie, 25(1997), no. 3–4,
517–568.
[14] V.V. Lychagin, V.N. Rubtsov, I.V. Chekalov, A classification of Monge–
Ampe`re equations, Annales scientifiques de l’Ecole normale supe´rieure
1993, vol. 26, no3, pp. 281–308
10
